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DISCONTINUOUS SOLUTIONS IN HEATED VISCOUS
INCOMPRESSIBLE FLUIDS

M. D. Martynenko®and S. M. Bosyakov® UDC 532.135

Equations for propagation of surfaces of strong discontinuities in a viscous incompressible heat-con-
ducting fluid are obtained.

We consider the existence of discontinuous classes of motion in a viscous incompressible liquid me-
dium with alowance for temperature stresses based on the genera theory of characteristics.

The corresponding nonstationary processes are analyzed based on the vector equation of motion, the
continuity equation, the equation of state, and the heat-conduction equation disregarding dissipation of me-
chanical energy [1, 2]
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where v = (v1, Vo, V3) is the velocity vector, p is the pressure, p is the density, n and | are the volume
(dilatational) and shear viscosities, q is the heat flux, and T is the absolute temperature. In order to simplify
system (1) we will assume that the fluid is incompressible (p = const) and the motions occur with low ve-
locities. We have
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Let the solution of the system of equations (2) have a strong discontinuity on the surface ¢(t, X1, X,

X3) = condt, i.e., upon passage through this surface the functions p, T, and v;, j = 1, 3 remain continuous and

certain derivatives of first order have a discontinuity of the first kind on this surface. Then, for the partial
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and—, m n= ﬁ we write the kinematic compatibility conditions [3, 4]
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where Myj, Mya, and My, are continuous functions and py = % and py = 37(1) j, k= ﬁ Furthermore, in
k
propagation of the discontinuity surface, the dynamic compatibility conditions must be satisfied, i.e., Egs. (2)

remain true in regions bounded by the surface ¢(t, X3, Xp, X3) = const:
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Here M;, j = 1,5 are also continuous functions. If the system of equations (3)—(8) is solvable, the first partial
derivatives will be expressed in terms of continuous functions and will remain continuous themselves. There-
fore the discontinuity surface ¢ = const will be determined from the condition of unsolvability of the system
of equations (3)—(8) for these derivatives. In view of the fact that the given system contains twenty equations,
it will be appropriate to reduce their number before proceeding to further calculations. Let us do this for
different models of the heat-conducting liquid medium.

In the first case we will assume that the thermal processes in the incompressible fluid are described
by the classical law of heat conduction [5]
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where A is the thermal-conductivity coefficient and ¢, is the specific heat. Then Eq. (8) will acquire the form

MAT - pcp%—-{ =M. (10)

We differentiate Eqs. (3) and (5) with respect to x and rewrite the kinematic compatibility conditions as
follows:
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Now we multiply Egs. (6), (7), and (10) by po and replace the resultant products pg e po&, and poﬁ,
jyn= ﬁ by the left-hand sides of expressions (11). As a result we obtain a system of five equations for
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The condition of unsolvability of system (12) for the derivatives indicated above makes it possible to write
the equation of propagation of strong discontinuities
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Expanding the determinant (13), we obtain
P (LAD - ppg)” (MG — =0 (14)
g (LA — pPg)” (MY — pcypg) = 0.
Equation (14) yields the equations of strong discontinuities
HAD = ppe =0, (15)
MG~ pc,pp =0, (16)
and the existence of the surface of a stationary discontinuity [6]

The equations of strong discontinuities (15) and (16) can be used in obtaining the front of a shock
wave and in deriving dispersion relations by means of the corresponding subgtitutions into these equations.
Thus, for plane homogeneous waves we have from (15) and (16) the known dispersion laws for transverse

(shear) waves [7]
k:ivgj—ﬁ (1+i), k:iV% (1+i). (18)

Equations (18) that relate the wave number k to the frequency w can be used for calculating the phase veloc-

ity v = and the damping factor a = Im k(w) [7].
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For a viscous incompressible fluid with a finite velocity of propagation of heat, the law of heat con-
duction (in the absence of heat sources) has the following form [8]:
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where 1q is the relaxation time of the heat flux. Using (19), we write the dynamic compatibility condition (8)
as follows [3, 4]:
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We transform the system of equations (6), (7), and (20) according to an analogous scheme. Ulti-
mately, we obtain the following system of equations for the first partial derivatives of p, T, and vj, j = 1,3
with respect to time:
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Here 92 = pi+ p§+p§. We obtain the condition of unsolvability of system (21) for % % and %—1— j =

1,_3 by setting the determinant composed of the coefficients of these derivatives equal to zero:
det [A4ll =0. (22)

It can easily be seen that the determinants (21) and (13) differ only in the expressions ags = AAG — pcyy and
Ags = Ag? — pcytops. Then from (21) we obtain
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or
HAG - ppy =0, (23)

A~ peTgps =0, (24)

gz =0. (25)

Equations (23) and (25) coincide with Egs. (15) and (17) in view of the absence of the effect of
connectedness of the velocity and temperature fields. Equation (24) makes it possible to calculate the velocity
of propagation of a heat wave [3, 4]:
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In conclusion we note that the equations of strong discontinuities (15), (16), and (24) coincide exactly
with the characteristic surfaces for the considered models of a viscous heat-conducting liquid medium [9].

NOTATION

k, wave number; w, frequency; Re and Im, real and imaginary parts of the complex number; i, imagi-
nary unit; vy, heat-wave velocity.
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